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Abstract. We prove that negative energy solutions of the complex Ginzburg- 
Landau equation e~ lS ut = An + |n| a n blow up in finite time, where a > 
and — 7r/2 < 9 < n/2. For a fixed initial value u(0), we obtain estimates of 
the blow-up time T® lax as 9 — > ±7r/2. It turns out that T^ ax stays bounded 
(respectively, goes to infinity) as 9 — y ±7r/2 in the case where the solution of the 
limiting nonlinear Schrodinger equation blows up in finite time (respectively, 
is global). 
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More precisely, we seek conditions on the initial value uo which guarantee that the 
resulting solution is non-global. In addition, we wish to obtain estimates on the 
blow-up time, for a given initial value uq, as a function of 6. 

Equation (GL) with 9 = reduces to the well known nonlinear heat equation 
Ut — Am = For 9 = ±7r/2, equation (GL) becomes the equally well known 

nonlinear Schrodinger equation ±iut + Am + \u\ a u = 0. Thus we see that (GL) is 
"intermediate" between the nonlinear heat and Schrodinger equations. Our overall 
objective is to understand finite time blowup of solutions of (GL) from a unified 
point of view, for all — tt/2 < 9 < tt/2. 

The equation (GL) is a particular case of the more general complex Ginzburg- 
Landau equation 

u t = e M /\u + e l ''\u\ a u. (1.1) 

Equation (1.1) has been studied in the context of a wide variety of applications. For 
example, the nonlinear Schrodinger equation (i.e. (1.1) with $ = 7 = ±7r/2) is an 
important model in nonlinear optics and in the study of weakly nonlinear dispersive 
waves. We refer the reader to the monograph [29] which has an extensive discussion 
of these and other applications. The nonlinear heat equation (i.e. (1.1) with 9 = 
7 = 0), often with a more general nonlinear term, is also an important model, in 
particular in biology and chemistry. We refer the reader to the monograph [5] for 
a sampling of such applications. In the more general case, equation (1.1) is used to 
model such phenomena as superconductivity, chemical turbulence and various types 
of fluid flows. See [3] and the references cited therein. A key feature associated 
to the phenomena modeled by (1.1) is the development of singularities. Solutions 
of (1.1) may be global in time or may cease to exist at some finite (blow-up) time. 
The existence of blowing-up solutions may be interpreted as the appearance of 
instabilities in the various applications of (1.1). 

Local and global existence of solutions of (1.1), on both and a domain 
fi C K , are known under various boundary conditions and assumptions on the 
parameters, see e.g. [4, 7, 8, 15, 20, 21, 22, 23]. On the other hand, there are 
relatively few results concerning the existence of solutions of (1.1) for which finite- 
time blowup occurs. In [31], blowing-up solutions for the equation (1.1) on 
are proved to exist, when the equation is "close" to the nonlinear heat equation 
u t = Au + i.e. when 9 = and I7I is small. A result in the same spirit is 

obtained in [27] when the equation is "close" to the nonlinear Schrodinger equation 
iut + Am + \u\ a u = 0. The result in [31] was significantly extended in [14], where 
the authors give a rigorous justification of the numerical and formal arguments 
of [25, 26]. More precisely, they consider the equation (1.1) on R N with — tt/2 < 
9, j < tt/2 and prove the existence of blowing-up solutions when tan 2 7 + (a + 
2) taii7tan# < a+1. Note also that, under certain assumptions on the parameters, 
blowup for an equation similar to (1.1) on a bounded domain with Dirichlet or 
periodic boundary conditions, but with the nonlinearity |u| Q+1 instead of |u| Q u is 
proved to occur in [16, 17, 24]. 

The equation (GL) has certain features not shared by the more general equa- 
tion (1.1). First of all, stationary solutions of (GL) satisfy the same elliptic equation 
Au+| u| Q w = 0, independent of the parameter 9. Furthermore, and more significant 
for the present article, it turns out that its solutions satisfy energy identities similar 
to those satisfied by the solutions of the nonlinear heat and Schrodinger equations. 
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See Proposition 2.3 below. Recall the energy functional is denned by 

E(w) = \ [ \Vw\ 2 l — f \w\ a + 2 , (1.2) 



2 Jrw a + 2 

for w <S Cq(R ) n ii" 1 (]R JV ). This property was exploited in [28], where the authors 
apply Levine's argument [13] (see also [1]) and prove finite-time blowup of all neg- 
ative energy solutions when N = 1, 2, a = 2 and \6\ < 7r/4. The calculations of [28] 
can be carried out for more general values of a, and the condition \9\ < 7r/4 takes 
the form cos 2 9 > — t-tt . 

Our first main result is that if the initial value uq has negative energy and 
— 7r/2 < 9 < 7r/2, then the corresponding solution of (GL) blows up in finite time. 
We make no assumption on a > 0. We essentially follow the energy method of [13]. 
The improvement with respect to [28], where a condition on a and 9 appears, is 
due to the use of the identity (2.5) below. 

Theorem 1.1. Suppose 

let u € C (R N ) n H^R 1 *) and let u € C([0,T max ), C (R N ) n R N ) be the corre- 
sponding maximal solution of (GL). If E(uq) < 0, then u blows up in finite time. 
More precisely, 

T < N^? (1 4) 

max " a(a + 2) (-E(u )) cos 9' { ' 

Of course, E(uq) in the statement of Theorem 1.1 refers to the energy functional 
defined by (1.2). Theorem 1.1 shows that any solution of (GL) with negative 
initial energy blows up in finite time provided (1.3) holds. This raises the question 
of the behavior of the blow-up time as 9 approaches ±7r/2. Indeed, recall that the 
Cauchy problem for the nonlinear Schrodinger equation, i.e. the equation (GL) 
with 9 = ±7r/2 is locally well-posed in tf 1 ^) if a < 4/(iV - 2). (See [6, 11].) 
Moreover, if a < 4/N then all solutions are global (see [6]), while if a > 4/iV then 
some solutions blow up in finite time (see [9, 32]). More precisely, if the initial 
value Mo £ if 1 (M Ar ) with negative energy has finite variance (i.e. J |x| 2 |uo| 2 < oo), 
then the solution blows up in finite time. The same conclusion holds if, instead of 
assuming that uq has finite variance, we assume that either N = 1 and a = 4, or 
else N > 2, u is radially symmetric and a < 4, sec [18, 19]. 

Fix an initial value u € C (R N ) n H l (R N ) such that E(u a ) < and, given 
9 G (— 7r/2, 7r/2), let u 9 be the corresponding solution of (GL), so that u e blows up 
in finite time by Theorem 1.1. If a < 4/N, then the solution of (GL) for 9 = ±7r/2 is 
global, so we may expect that the blow-up time of u 9 goes to infinity as 9 — >• ±7r/2. 
This is indeed the the following result shows. 

Theorem 1.2. Fix an initial value Uq £ Co(R N ) n H 1 (R N ) and, for every 9 sat- 
isfying (1.3), let u 9 e C([0,T 9 ^),C (R N ) C] H 1 {R N )) denote the corresponding 
maximal solution of (GL). If 

0<a<l 

then there exists a constant c = c(N,a, ||uo||l 2 ) -^(^o)) > such that 

TL* > ^ (1-5) 
cosy 

for all -f < 9 < |. 
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Remark 1.3. Note that, under the assumptions of Theorem 1.2 and if, in addition, 
E(uq) < 0, there exist c, C > such that 

c „ C 

cos9 ~ max " COS0' 
for all -tt/2 < 6 < tt/2. This follows from (1.5) and (1.4). 

Global existence for the nonlinear Schrodinger equation with a < 4/N follows 
from the conservation of charge and energy and Gagliardo-Nirenberg's inequality. 
Similarly, Theorem 1.2 follows from energy identities and Gagliardo-Nirenberg's 
inequality. 

Remark 1.4. Theorems 1.1 and 1.2 are equally valid, with essentially the same 
proofs, for solutions of (GL) on a smooth domain C M. N with Dirichlet boundary 
conditions. Moreover, in the case of a bounded domain Ball's proof of finite time 
blowup [1] works equally well for (GL) with — tt/2 < 6 < tt/2, using the energy 
identities in Section 2. 

As observed above, if a > 4/iV then negative energy, finite variance solutions 
of the nonlinear Schrodinger equation blow up in finite time. Thus we may expect 
that the blow-up time of u s remains bounded as 6 — > ±7r/2. We have the following 
result. 

Theorem 1.5. Suppose 

N>2, ^<«<4, (1.6) 

and fix a radially symmetric initial value uo £ -ff 1 (IR Ar ) n Cq(M. n ). Given any 
satisfying (1.3), let u e G C([0, T^ a J, <7 (K W ) n ^tt^)) denote the corresponding 
maximal solution of (GL). If E(uq) < 0, then there exists T < oo such that 
T« ax <T/ r all-\<B<\. 

Blowup for the equation (GL) with — | < 9 < | (i.e. Theorem 1.1) is proved 
by an energy argument. On the other hand, blowup for the nonlinear Schrodinger 
equation is proved by a variance argument (or a similar argument for a truncated 
variance as in [18, 19]). It turns out that for the equation (GL) there is also 
a variance identity (and a truncated variance identity as well), see formulas (7.1) 
and (5.2) below. By combining the information derived from the truncated variance 
identity with the energy identities, we are able to establish the uniform estimate 
of the blow-up time of Theorem 1.5. We mention that the conditions that uq be 
radially symmetric and that a < 4 are necessary for the crucial estimate in our 
proof, see Section 6. We do not know if the conclusion of Theorem 1.5 is true 
without these hypotheses. 

Note that the assumptions on uq in Theorem 1.5 are precisely those made by 
Ogawa and Tsutsumi in [18], where the authors eliminate the finite variance as- 
sumption of [9, 32]. One might expect that, if we were willing to assume that uq 
has finite variance, then we would not need the assumptions that a < 4 and that 
uo is radially symmetric. In this case, the proof would be based on the variance 
identity (7.1) rather than on the truncated variance identity (5.2). Unfortunately, 
in this case as well, and for apparently different reasons, the same conditions are 
necessary for the crucial estimate of this other proof. See Section 7. 

The rest of this paper is organized as follows. In the next section, we recall the 
basic local well-posedncss results for the Cauchy problem (GL) and establish the 
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fundamental energy identities. Theorems 1.1, 1.2 and 1.5 are proved successively 
in Sections 3, 4 and 5. In Section 6 we comment on the obstacles to proving 
Theorem 1.5 under less restrictive hypotheses. In Section 7, we outline the proof 
which could be given of Theorem 1.5 under the additional assumption of finite 
variance and comment on the related hypotheses. 

2. The local Cauchy problem: —it/ 2 < 8 < it/2 
The linear equation associated with (GL) is 

u t = e i9 Au. 

It is well known that the operator e te A with domain H 2 (R N ) generates a semigroup 
of contractions (Tg(t))t>o on 

L 2 (R N ). Moreover, since (1.3) holds, the semigroup 
{Tg{t))t>o is analytic. Indeed, the semigroup e zA is analytic in the half plane 
SJiz > 0. In particular, T$(t)ip — Gg(t) -kip, where the kernel Gg(t) is defined by 



Since 



it follows that 



G B {t){x) ee (4irte l9 )-^e- 
\Gg(t)(x)\ = (4nt)-%e-- 



{N _ N r-, _ 1 \ , 

a- -^( C os0)- ^ i 1 < a < oo, 
(47rf) 2 it a = oo. 

We deduce from (2.1) and Young's inequality that 

\\Tg(tH>\\ L r < (cos0)"^ (1 -H7)i-f (?-^||^|| L „ (2.2) 

for 1 < p < r < co and 8 satisfying (1.3). It follows easily from (2.2) that {T g{t))t>o 
is a bounded Co semigroup on LP(R N ) for 1 < p < oo and on C (R N ). 

It is immediate by a contraction mapping argument that the Cauchy prob- 
lem (GL) is locally well posed in Co(M. N ). Moreover, it is easy to see using the 
estimates (2.2) that C (R N )nH 1 {R N ) is preserved under the action of (GL). More 
precisely, we have the following result. 

Proposition 2.1. Suppose (1.3). Given any iio £ Co(M. N ) n iJ 1 (R Ar ), there exist 
T > and a unique function u G C{[0,T},C (R N )nH 1 (M. N ))r]C((0,T), H 2 (R N ))f] 
C 1 ((0,T),L 2 (R N )) which satisfies (GL) for all t G (0,T) and such that u(0) = u . 
Moreover, u can be extended to a maximal interval [0,T max ), and «/T max < oo then 
||«(*)IU°° a « 1 1 T max . 

Remark 2.2. Let uq G Co(R w ) nif 1 (R JV ) and let u be the corresponding solution 
of (GL) defined on the maximal interval [0,T max ), and given by Proposition 2.1. 
If, in addition, a < i/N, then (GL) is locally well posed in L 2 (R N ) (see [30]). It 
is not difficult to show using the estimates (2.2) that the maximal existence times 
in Cq(R n ) and L 2 (R N ) are the same; and so if T max < oo, then ||u(f)|| L 2 — > oo as 

t T ^inax' 

We collect below the energy identities that we use in the next sections. 

Proposition 2.3. Suppose (1.3) and let u G C (R N ) H^R 1 *). If u is the 
corresponding solution of (GL) given by Proposition 2.1 and defined on the maximal 
interval [0,T max ), then the following properties hold. 



(i 
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(i) Let the energy functional E be defined by (1.2). It follows that 

cos<9 / / |w t | 2 +E(u(t)) = E(u(s)), (2.3) 



for all < s < t < T maK . 
(ii) Set 

I(w)= I \Vw\ 2 - / \w\ a+2 , 



for w & Cq (R ) n H 1 (R™). It follows that 



u t u 



and 

d 
df 

for all < t < T max . 



2 



\I(u)\, (2.5) 



-2 cos 01{u), (2.6) 



Proof. The identity (2.3) follows by multiplying the equation (GL) by u t , integrat- 
ing by parts on M. N and taking the real part. Multiplying the equation (GL) by 
e l6 u and integrating by parts on R N , we obtain 

u t u = -e l6 I(u). (2.7) 

Identity (2.5) follows by taking the modulus of both sides of (2.7), while (2.6) 
follows by taking the real part . □ 



Remark 2.4. It follows easily from (2.6), (2.4) and (2.3) that 

\u\ 2 = ^—cose( M a+2 + 4cos 2 (9 f f \u t \ 2 -4 cos 8 E(u Q ), (2.8) 
a + 2 J r n J J r n 



dt 
and 

<1_ 

It 



\u\ 2 = acosO [ |Vu| 2 

+ 2(q + 2) cos 2 6 [ [ \u t \ 2 -2(a+ 2) cos 6 E(u ). (2.9) 
Jo Jm N 

3. Proof of Theorem 1.1 

We use the argument of [10, pp. 185-186]. Note that, by (2.3), E(u(t)) < E(u ) < 
for all < t < T max , so that 



I(u(t)) = ( a + 2)E(u(t))-- |Vu(t)r 

1 jk™ (3.1) 

< (a + 2)E(u(t)) <(a + 2)E(u ) < 0, 

for all < t < T max . Set 

/(f) = ||u(t)||£ a> e(t) = E(u(t)). 
We deduce from (2.3) that 

dp 

- = -cose\\u t \\ 2 L2 <0, (3.2) 
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and from (2.6) and (3.1) that 

%■ = -2cosOI(u(t)) > 0. (3.3) 
at 

It follows from (3.2) and the Cauchy-Schwarz inequality that 

de f 2 

- f-jr = /cos S||u t ||x,a = cos 6*|| u\\ 2 L 2 1| u t || \i > cos 6 / u t u . (3.4) 

at J~r n 

Using (2.5) and (3.3), we deduce that 
dp 

-f Tt > cos 6(1 (u(t))) 2 = (- 1 (u(t)))(- cos 61 (u(t))) 
= 2 { - I{um M^— { - e) llf 

This means that 
so that 

-e> V f^, (3.5) 

where 

V =(-E(u ))\\u \\-J a+2) (3.6) 
It follows from (3.3), (3.1) and (3.5) that 

^ > 2{a + 2)(cos6»)(-e) > 2r)(a + 2) (cos (9)/^, 

so that 

^[j?a(a + 2)(cos6>)i + /-*] < 0. (3.7) 
Integrating (3.7) between and t <E (0,T max ), and applying (3.6), we deduce that 

~ a(a + 2) (~E{u )) cos 6' 
for all < t < r max - The result follows by letting t f T max . 

4. Proof of Theorem 1.2 

We first note that by Gagliardo-Nircnbcrg's inequality there exists c = c(N) 
such that 

\u\ 2 ^<c[ \Vu\ 2 (f \u\ 2 Y (4.1) 

Jr n Vi» ' 

for all u € iJ 1 (IR Ar ). Applying Holder's inequality and (4.1), we deduce that 



ul" +2 < / lul 2+ * 



(/ l"l 2 ) 



Nc, JVa 4-(Af-2)c 

<CT-||V«||J ||«|| ia 2 ■ 

We now use Young's inequality 

Net _i_ ^_ 4 — No. _ 4 4 

< — e" !™" H £ i-Noyi-Na 

with 

_ /Q + 2\ — 



(4.2) 
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and wc obtain 



— - / \u\ a+2 <-\\Vu\\l 2 + \\u\\ L ^- Na 
a + 2 J r n 4 4(a + 2) V a + 2 / 

1 2[4-(JV-2) Q ] 

< i l|V U ||| 2 + (iVc)™||u|| i2 i -"° , 



so that 



/ |«r a < J||V U ||! 2 +[(^c)^h||^ 4 - (JV - 2)Ql ]™. (4.3) 
a + 2 /»« 4 



We now prove (1.5). If T"n iax = oo, there is nothing to prove. We then assume 

^max < OO, SO that 

||u«(f)|U, t oo as (|C (4.4) 

by Remark 2.2. Set 

S 9 = sup{i G [0,TU; || U 9 ( S )|| 2 l2 < 2||uo||£ a for < s < t}. 
It follows from (4.4) that S e < T^ ax and 

||^(5 e )||i 2 =2|| Uo ||i 2 . (4.5) 
Since E(u e (t)) < E(u ) by (2.3) and 

\\u e mh<n«o\\h, ( 4 -6) 

for < t < S 9 , it follows from (4.3) that 

||Vu e (t)||| 2 < AE(u )+4K^, (4.7) 

where 

K= {Nc) Na (2\\u \\ 2 L 2) 4 - {N - 2)a . (4.8) 
Furthermore, (4.3), (4.6) and (4.7) imply 

\\u 9 (t)\\ a +l2 < (a + 2)E{u Q ) + 2(a + 2)K^, 

so that 

|/(u e (t))|<max{||V^W||| 2 ,|| M e ||^ + 2 2 } 

< (a + 4)[E(u )] + + 2(a + 2)/\™, 
for < t < S^. Applying (2.6) and (4.9), we deduce that 

\\u 9 (S e )\\ 2 L2 < \\u \\ 2 L 2 + 2(cos#) Ua + 4)[E(u )} + + 2(a + 2)K^] S 9 . (4.10) 
It now follows from (4.10) and (4.5) that 



(4.9) 



IKII| 2 



s 9 > -= 

2 (a + 4)[JS(u )] + +2(a + 2)K^^ 
Since T^ ax > 5 e , the result follows from (4.11). 
Remark 4.1. Suppose E(u ) < 0. It follows from (4.11) that 



(4.11) 



4(a + 2)if 4 -«" cos# 
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For a fixed 9, the right-hand side converges to very fast as a f 4/iV, so the 
estimate is certainly not optimal with respect to the dependence on a. Compare 
the estimate from above given in Remark 5.4. 



5. Proof of Theorem 1.5 

Our proof of Theorem 1.5 is modeled on the proof of finite time blowup for 
the nonlinear Schrodinger equation ([32, 9, 18]). The basic idea is to estimate 
Jp- J ^>(x)\u\ 2 for an appropriate function > 0, in terms of the initial energy 
E(uo). If E(uo) < 0, this estimate implies that J ^>(x)\u\ 2 , becomes negative in 
finite time, thus showing that the solution cannot be global. 

In the case of (GL), we have the following generalized variance identity. 

Lemma 5.1. Fix a real-valued function * € C°°(R N )r\ W 4 '°°(R N ). Suppose (1.3), 
let uq £ Co(K ) H i? 1 (R JV ) and consider the corresponding maximal solution u £ 
C([0,T max ),C (R N ) n H 1 ^)) of (GL). It follows that the map t i-> J rn ^\u\ 2 
belongs to C 2 ([0, T max )) ; 



l£ f I'M 2 = costff- f *|Vw| 2 + [ y\ u \ a+2 + - I 



2 dt Jon V Jon Jdn 2 



'M 2 ) 



*\u\ 2 = -l I A 2 *M 2 -^^/ A*M Q+2 



VMVu, (5.1) 



2 dt 2 J]$_n 2 

+ 23?/ (H(^)Vu,Vu)+cos9^ f (-2*|Vu| 2 + ^±i*| u |«+ 2 + AV\u\ 2 } 
Jrn dt J r n L a + 2 ) 

-2cos 2 / *|u t | 2 , (5.2) 

for all < t < T max; where H(^f) is the Hessian matrix (d 2 ^)i_j. 

Proof. Multiplying the equation (GL) by e ^>(x)u, taking the real part and using 
the identity 

23fJ(V*uVu) = V • (V1-M 2 ) - A*|w| 2 , 

we obtain (5.1). We now differentiate (5.1) with respect to t. We begin with the 
term in factor of sin# and we note that, using the identity 

V*uVM t = V ■ (V*«iSt) - (V* • Vu)u t - A*Mu t , 

and integration by parts, 

-( 

dt\ 



— I sin 03 



d_ 

dt 



(sin 03 / V^uVu) = - sin 03 / [A*u + 2V# • Vu]u t . 
^ Jr» ' Jr™ 
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We rewrite this last identity in the form 

^- (sin 09 / VmVu) = cos 6*3? / [A^u + 2W • Vu]u t 
dt V J RN J J RN 

™5R / [A*u + 2V* ■ Vu]e _4 %. (5.3) 

Using (GL) and the identities 

3t(W ■ Vu)\u\ a u = — !— V ■ (V*M Q+2 ) l_A*|u| Q+2 , 

a + 2 a + 2 

5iV(V* • Vw) ■ Vu = ■ (W|Vu| 2 ) + 5R( J ff(*)Vu, Vu) - iA*|Vit| 2 , 
we see that 

-SR / [A*u + 2V*-V?l]e" l9 u t = -3? / [A*u + 2V* • Vu](Au + |u| Q w) 
= _I f A 2 *M 2 ^- / A*M"+ 2 + 25i / (F(*)Vu,Vu). (5.4) 

We now deduce from (5.3) and (5.4) that 

(sin 03 / V*Wti) = 

-- [ A 2 V\u\ 2 —f AV\u\ a+2 + 2$ [ (iJ(*)Vu,Vu) 

+ cos05R / [A1-U + 2V* • Vu]tit. (5.5) 



Note that 



(it 7b« V 2 a + 2 



= -U I [(*(Au + |u| a u)u t ) + (V* • Vu)u t 
= -cos9 [ ^\u t \ 2 -di[ (W-W)u t , 



so that 



23?/ (V* • Vu)u t = -2cos0 / *N 2 --^/ (*|Vu| 2 *|m|"+ 2 

(5.6) 

Moreover, 

/ Atfim t = ^ / A*| u | 2 . (5.7) 

I b n at I . b n 
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We deduce from (5.5), (5.6) and (5.7) that 
d 



dt 



(sin 6^s 



A 2 f|d 2 - 



dt 



f-^|Vw| 5 
V 



I '"'I 

2 



25R / (H(^)Vu, Vu) 



a+2 



1 



A I'M 2 



2 

2 cos 2 e 



Taking now the time-derivative of (5.1) and applying (5.8), we obtain (5.2). 



(5.8) 

□ 



The next tool we use for the proof of Theorem 1.5 is the following estimate. 
It says that the maximal existence time of a solution u of (GL) is controlled, 
independently of 9, by the maximal time until which ||u(f) 11^,2 remains bounded by 
a (fixed) multiple of ||uo||i2. 

Lemma 5.2. Suppose (1.3), let uo G Co(ffi ) H iJ 1 (]R Ar ) and consider the corre- 
sponding maximal solution u e C([0,T max ),C (M. N ) n i/^M^)) o/ (GL). Sef 

r = sup{t g [0,T max ); ||u(s)||£ 2 < K\\u Q \\ 2 L2 for < s < t}, (5.9) 



where 



K 



1 



/ a + 4 \ 5 



V2a + 4 

so i/iai < r < T max . If E(uo) < 0, i/ien T m 



> 1, 



(5.10) 



< 



Proof. If r = T m ax, there is nothing to prove, so we now assume r < T maxi so that 

!hiWH 2 L2 <|| U (r)||| 2 =/i|| Uo || 2 L2 , 0<t<r. (5.11) 

Since E{uq) < 0, it follows from (2.8) that the map t H> ||it(i)||x,2 is nondecreasing 
on [0,T max ); and so, using (5.11) 



•2 > K\\u \\ 



L- ■ 



T<t<T n 



We now use calculations based on Levine [13]. We deduce from (2.9) that 



d 
dt 



Set 



M 2 > 2(a + 2)cos 2 6» 



h{t) = 



JR N 



10 JM N 

It follows from (5.13) and the Cauchy-Schwarz inequality that 



[2(a + 2)cos 2 e^hh" > h 



> 



o Jm N 
t 



\ut\ Z > 

^ > 2 

u t u 1 



JR N 



\u\ \u t \ 



Since I{u{t)) < {a + 2)E(u(t)) < by (3.1), identities (2.5) and (2.6) yield 



u t u 



R N 



1 



2 cos 9 dt 



1 



2cos6> 



h"(t). 



(5.12) 
(5.13) 
(5.14) 

(5.15) 
(5.16) 
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We deduce from (5.15) and (5.16) that 



IT 4- 9 

hh" > -±-{h'{t) - h'{0)) 2 . (5.17) 
It follows from (5.17) and (5.12) that 

W''>^(^)V(*)] a = ^[W, (5-18) 
for all r < t < T max . This means that (h~%)" < on [r, T max ); and so 

h(t)-i < h(r)~i + (t - t)(/T*)'(t) = h(r)-% [l - j(t - t)Ii(t)- 1 ti (t) 
for t < t < T max . Since h(t)~^ > 0, we deduce that for every r < t < T max , 

|(i-r)Mr)-^'(r)<l, 

i.e. 

(t r)\\u(r)\\l 2 < - f T \\u( S )\\l 2 ds < -r\\u(r)\\l 2 , (5.19) 
a J a 

where we used (5.11) in the last inequality. Thus t < ^±^r for all r < t < T max , 
which proves the desired inequality. □ 

The last ingredient we use in the proof of Theorem 1.5 is Lemma 5.3 below. It 
is an estimate, based on Ogawa and Tsutsumi [18], which enables us to choose an 
appropriate function ^ in Lemma 5.1. Unfortunately, we have only been able to 
accomplish this in the radially symmetric case. In other words, we are only able to 
construct a function for which we can estimate the right-hand side of (5.2) for 
radially symmetric functions u. 

Before stating this result, we rewrite formula (5.2) for radially symmetric "J and 
u. Consider a real-valued function * e C°°(R N ) n Vy 4 -°°(R JV ) as in Lemma 5.1, 
and assume further that \1/ is radially symmetric. It follows that 



so that 



MHtmVu, V«> = — |Vu| 2 - ( — - — )b- Vd 2 



(5.20) 

— |Vli| 2 -(—-*") \d rU \ 2 . 

r \ r I 

If, in addition, u is radially symmetric, then (5.20) yields 

»(ir(*)vn, v«) = $'> r | 2 . (5.21) 

It follows from (5.2) and (5.21) that if both u and \& are radially symmetric, then 
1 d 2 



2 eft 2 



= 2NaE(u(t)) - (Na - 4) / \u r \- 

/ (2JV- A*)M Q+2 - - f A 2 * 
7b n 2 J r n 



2/ (2-*")K| 

jb™ 



2 



a + 2 
cos 6* 



-/ (-2*|Vd 2 + ^^*M Q+2 + A*M 2 ) 
it Jrn L a + 2 J 

- 2 cos 2 6> / *H 2 . (5.22) 
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Since ^(x) is radially symmetric, by abuse of notation, we often write ^(x) = ^(r), 
where r = \x\. Using this notation, we have A^>(x) = W(r) + ^-^-^'(r). We hope 
the reader will forgive our using both notations in the same formula, as we did 
in (5.22). 

Wc now state the needed estimate. Since the proof is an adaptation of arguments 
in [18] and is somewhat technical, it is given in the appendix A to this paper. 

Lemma 5.3. Suppose N > 2 and a < 4. Given any < a, A < oo, there exists 
a radially symmetric function f <E C°°(R N ) n W 4 ' 00 (R N ) ) such that *(.t) > for 
i^O and 

-2 / (2-*")K| 2 + ^- / (2iV-A*)M a+2 -i / A 2 *M 2 <a, (5.23) 
Jm a + 2 J r n 2 J r n 

for all radially symmetric u £ H 1 (M. N ) such that \\u\\ L 2 < A. 
Proof of Theorem 1.5. We let K be defined by (5.10) and we set 

r e = sup{t G [0,lf nax ); \\u e (s)\\ 2 L2 < K\\u f L2 for < s < t}, (5.24) 

so that 

sup sup \\u e (t)\\ 2 L2 <K\\u Q \\ 2 L2 . (5.25) 

O<0<§ 0<t<r 8 

It follows from Lemma 5.2 that 

TL, < —r 6 - (5.26) 
a 

We now let be given by Lemma 5.3 with 

A = Vk\\u \\ L 2, a = -NaE(u a ). (5.27) 
Since E(u e (t)) < E(u ) it follows from (5.22), (5.23) and (5.27) that 

+ cose4- I (-2*|Vu 9 | 2 + ^±^|uY +2 + A*|u 9 | 2 }, (5.28) 
dt J r n L a + 2 J 

for all < t < t 6 . Let 

B = f {-2*|V Uo | 2 + ^*Kr +2 + A*K| 2 }, (5.29) 
J r n I a + 2 J 

and 

r e = cos#(-/ *\Vu \ 2 + [ *\u \ a+2 + l [ A*K| 2 ) 

V JR™ JM« 1 JWL N 1 

+ sin 63 / V^Mo"Vit . (5.30) 

Integrating twice the inequality (5.28) and applying (5.29)-(5.30) and (5.1), we 
deduce that 

\ I ^\u e \ 2 <\j *K| 2 +tT e + NaE{u )% 

l J R N Z J R N I 

+ COS0 f [ \~2^\u e r \ 2 + ^^^\u e \ a+2 + A^\u e \ 2 }-Btcos6. (5.31) 
Jo Jr« I- a + 2 > 
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On the other hand, it follows from (2.8) that 

at j r n a + z j r n 

Integrating between and t £ (0, r ), we obtain 

2cos0 /* / \u 9 \ a+2 < ^±l[\\u e (t)f L2 -\\u \\U < ^±l{K-l)\\u Q \\%, (5.32) 

JO JR N a a 

where we used (5.25) in the last inequality. Since ^ £ W 4 ' 00 ^ 1 ^), it now follows 
from (5.31), (5.32) and (5.25) that there exists a constant C independent of 8 £ 
(-71-/2,71-/2) and * £ (0,r e ) such that 

t 2 

0<C + Ct + NaE{u o ) — , (5.33) 

for all < t < t 9 . Since E(uq) < 0, this implies that there exists T < oo such that 
t 9 <T for all -f < 6 < f , and the result follows by applying (5.26). □ 

Remark 5.4. Suppose N > 2, a < 4/N. Let u £ C (R N ) n H 1 ^) be radially 
symmetric and satisfy E(uo) < 0. Given — 7r/2 < 9 < n/2, let u 9 be the corre- 
sponding solution of (GL) defined on the maximal interval [0, T^ ax ). It follows in 
particular from Theorem 1.1 that u 9 blows up in finite time. Using the calculations 
of the proof of Theorem 1.5, one can improve the estimate (1.4). More precisely, 
taking into account the term (4 — Na) J RN \u 9 \ 2 in (5.22), instead of (5.33), we 
obtain the inequality 

<C + Ct+{4- Na) f f f \u 9 \ 2 + NaE{u ) t -, (5.34) 
Jo Jo Jr n 2 

for all -7r/2 < 6 < it/2 and < t < t 9 . On the other hand, it follows from (2.9) 
that 

j- [ \u 9 \ 2 >acos0 [ \u 9 r \ 2 . 

">t JRN J K N 

Integrating between and t £ (0,T e ) and using (5.25), we obtain 

acos6 f [ |^| 2 <[|| M e (t)||| 2 -|| Uo || 2 L2 ]<(X-l)|| Uo ||| 2 . (5.35) 

JO JR N 

It follows from (5.34) and (5.35) that for some constant C > 

< C + c(l + 4 - N n a )t + NaE(u )^r, (5.36) 
V cos v J I 

for all — 7r/2 < 8 < ir/2 and < t < t 9 , which yields the estimate 

^<^o)(l + ^). (5.37) 

This is interesting, because we see the dependence in both 8 and a. It is optimal 
in 8, but maybe not in a. (Compare the lower estimate (4.12).) 
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6. Comments on the hypotheses of Theorem 1.5 

As observed above, the assumptions that uq is radially symmetric and that 
a < 4 in Theorem 1.5 may seem unnatural. In this section, we show that both these 
assumptions are necessary for the method we use. Indeed, our proof of Theorem 1.5 
relies on the identity (5.2). Assuming that * G W 4 '°°(R N ) n C 4 (R N ) is radially 
symmetric, it follows from (5.2) and (5.21) that 

- (Na ~ 4) / |Vu| 2 + 2 f (—- 9") {\Vu\ 2 - \u r \ 2 ) -2 f (2 - *")|Vu| 2 

+ — — f (2N- A*)|u| Q + 2 - - / A 2 *|u| 2 
a + 2 Jk n 2 J r n 



cos A f (-2*|Vu| 2 + ^^*M Q+2 + A*M 2 }-2cos 2 6> / 
at J r n L a + 2 J J RN 



u t \ 2 . 



In order to complete our argument, we need at the very least an estimate of the 
form 

- (Na - 4) / \\7u\ 2 + 2 f (—- {\\7u\ 2 - \u r \ 2 ) 

-2/ (2-V')\Vu\ 2 + ^- ( {2N-m\u\ a+2 <F{\\u\\ L ,), (6.1) 
Jr n a + Z J r n 

where F is bounded on bounded sets. Lemma 5.3 provides such an estimate for 
radially symmetric u under the assumption a < 4. 

We claim that if Na > 4, then there is no radially symmetric VE' € C 4 (M. N ) n 
L°°(R N ), 9 > 0, such that the estimate (6.1) holds for general it. To see this, fix 
ip G Cj?°(R JV ), V3 ^ and let 

u(a:) = \ N/2 ^(X(x-x )), (6.2) 

where A > and xq G R w . It follows in particular that ||u||l 2 = IMIi 2 - Given 
tW ) we have for A large 



g(x)\Vu\ 2 ^ X 2 g(x ) \V<p\ 2 dy, (6.3) 

R N JR N 

g(x)\u\ a+2 ^X N ^ 2 g(x ) f W +2 d Vl (6.4) 



g(x)\d r u\ 2 ^ X 2 g(x ) \d r <p\ 2 dy. (6.5) 

R N JR N 

If > 4 and (6.1) holds, then we deduce from (6.3)-(6.5) that 2N - A9(x ) < 
for all x Q G R n , so that * £ i 00 ^). 

We now show that the assumption a < 4 is necessary in order that (6.1) holds 
for some * G W^°°(R N ) n C 4 (R W ) and all radially symmetric it. To see this, fix 
ip G C°°([0, 00) with supp 93 C [1, 2] and y> ^ 0. For A > and ro > consider 

u(a:) = A 1/2 r^ (Ar " 1)/2 (^(A(r - r )). (6.6) 
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Denote by ojn the area of the unitary sphere of R . It follows that for A > 2/tq 



IL- 



"n\to N+1 / \<p[X[r - ro))! 2 ^" 1 ^ 



-N+l I \,„(„\\2,„ , w \N-1j„ (6-7) 



^(Ar )- iv+i J" \<p(r)\*(r + Xr^-'dr 

< u N (\r Q )- N+1 (2 + Xrof-'Mh^ < 2 Ar - 1 c Ar |M| 2 2(R) . 

Given a radially symmetric function g £ C(M. ) and ro > such that g(ro) > 0, 
we have as A — > oo 



g(x)\ur\ 2 =uj N \*(\ro)- N+1 / ff(A"V + r )|^(r)|| 2 (r + Xro^dr 

(6.8) 



and, similarly, 



A 2 w A , 5 (r )||^'|||2 ( 



(«-l)(a + 2) 



2 



g{x)\u\ a+z =LO N \~r 2 " / g{\- l r + r )\v{r)\ a+z {\- L r + r a ) N -"dr 

R N Jl 

(JV-l)a 

« A^ WA r 5 (r )r 2 |M|£tl w (6-9) 

If a > 4 and (6.1) holds, then we deduce from (6.7)-(6.9) that 2N - A*(r ) < 
for all r > 0, so that * ^ L°°(M JV ). 

7. The variance identity and consequences 

Another way one might try to dispense with the requirements in Theorem 1.5 
that a < 4 and that uq be radially symmetric is to assume that uo has finite 
variance. Indeed, finite time blowup of negative energy solutions of the nonlinear 
Schrodingcr equation, i.e. (GL) with 9 = ±ir/2, was originally proved [9, 32] for 
finite variance solutions. No assumption of radial symmetry nor the upper bound 
a < 4 was required. These conditions were introduced by Ogawa and Tsutsumi [18] 
in their proof of finite time blowup of negative energy solutions (with possibly 
infinite variance). Therefore, it is reasonable to hope that for (GL) the additional 
assumption of finite variance could lead to a proof of finite time blowup without 
the assumptions in [18]. 

Consequently, we consider a finite variance solution of (GL) which is sufficiently 
regular so that VP = |x| 2 can be used in formula (5.2). This gives 

\^ml \x\ 2 H 2 = 2NaE(u(t))-(Na-4) [ |Vu| 2 
z at j r n j r n 

+ cos e4- I l-2|x| 2 |Vu| 2 + ^i|x| 2 |u| Q+2 + 2iV| U | 2 } 
dt J r n I a + 2 > 

-2cos 2 6» / |x| 2 H 2 . (7.1) 
Jm N 

These formal calculations can be justified by standard techniques assuming uq is suf- 
ficiently regular, and certainly if uq £ C^°(R JV ). We note right away that the three 
terms estimated in Lemma 5.3 have disappeared, and so this lemma is no longer 
needed. We therefore proceed to outline a proof of the conclusion of Theorem 1.5 
based on the formula (7.1). Unfortunately, it will turn out that the conditions that 
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a < 4 and that uo be radially symmetric will again be required, but for apparently 
different reasons than in the proof of Lemma 5.3. 

Consider, for simplicity, an initial value «o € C£°(R N ). Suppose (1.3) and let u e 
be the corresponding solution of (GL), defined on the maximal interval [0,7^.^). 

Arguing as in the proof of Theorem 1.5 at the end of Section 5, we obtain that 
for some C\ > independent of 

x|V| 2 < / M 2 K| 2 + C 1 t + NaE(u )t 2 

+ 2 C os9 f [ \-2\x\ 2 \Vu e \ 2 + ^^\x\ 2 \u e \ a+2 + 2N\u e \ 2 ), (7.2) 
Jo Jr« L a + 2 ) 

for all < t < T£ ax , sec (5.30), (5.29) and (5.31). For K defined by (5.10) set 
C 2 = ANK\\u \\ 2 L2 . If t 9 is given by (5.24) then 

AN cos 6 f f \u e \ 2 < Cat, (7.3) 
Jo Jr n 

for all < t < T e , sec (5.25). Therefore, in order to obtain an inequality analogous 
to (5.33) it remains to estimate the term 

2cos0 f [ {-2\x\ 2 \Vu e \ 2 + ^-\x\ 2 \u e \ a+2 \. (7.4) 
Jo it» 1 a + 2 > 

This can be done with the following estimate, similar to some results in [2]. 

Lemma 7.1. Suppose N > 2 and A/N < a < 4. Given any M > 0, there exists a 
constant C such that 

x\ 2 \u\ a+2 < J \x\ 2 \Vu\ 2 + C J \u\ a+2 + C, (7.5) 

for all smooth, radially symmetric u such that |] x, 2 < M. 
Proof. We first claim that 

|||-rH a lk-<2NU»|||-|v«IUa. (7.6) 

Indeed, considering u as a function of r > 0, we have 

/OO J pOC poo 

j- s [s N \u{s)\ 2 ] = -N J s N - 1 \u(s)\ 2 + 2 J s N ft(ud r u). 

We deduce that 

/>oo 

r N \u{r)\ 2 <2 / s N \u{s)\\d r u(s)\ 



< 2 



OO \ — / f°° 

s N - 1 \u(s)\ 2 Y U s N +'\d r u(s)\ 2 



- 2 ll u lli2({| a! |>r})ll I ' |Vu|| i 2 ({ | :r | >r}) , 

which proves (7.6). It now follows from (7.6) that 

x\ 2 \u\ a+2 < || | • \ N \u\ 2 \\f x J \u\ a+2 ~^ < 2*M*|| | • |Vu||f 2 I 
Since, by Holder, 

Na-4 
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we deduce that 

/ Na-4 
H a+2 ) Na || | • |Vu||f a . (7.7) 

Suppose first that a > A/N and fix < r\ < 1. Applying Young's inequality 
xy <r)~^Y+ ^ witn | = Hv^T' it; follows that 



Na-A f, ,„„ 4 



» + 4 



2-* y ^vr 2 ^-™^- y N a+2 +^M^n hv«h£. (7.8) 

If a < 4, then we apply again Young's inequality to the last term in the right-hand 
side of (7.8) and we obtain 

2-* / i*i>r 2 < v -^^^ [ + ^11 1 ■ iv«ni, 



Na / 1 1 TV 1 



77(4 — a) , 2c+8 



Aa 

The estimate (7.5) follows by choosing appropriately 77. If a = 4 (note that 4 > 4/A 
since A > 1), then (7.5) follows from (7.8) by choosing 77 sufficiently small. It 
remains to consider the case a = A/N , in which (7.7) becomes 



|x| 2 M a+2 < 2*M— 1| I • |Vu||£ 2 . (7.9) 

Since N > 1, we may apply Young's inequality to deduce (7.5). □ 

Assuming N > 2, A/N < a < 4 and uq is radially symmetric, one can then 
continue as follows. Setting M = "v/AHuoIIl 2 , we deduce from (5.25) and Lemma 7.1 
that there exists a constant C3 > such that 

/ {-2|x| a |Vu fl | 2 + ^NVr 2 }<C3 + G3/ \uT +2 , (7-10) 
Jrm a + z J j r n 

for all < 6 < § and all < t < t 6 . It follows from (7.2), (7.3) and (7.10) that 



/ MVl 2 < / 

JR N JR 1 



\x\ 2 \u \ 2 + (d +C 2 + 2C 3 )t + NaE{u ))t 2 



2C 3 cos9 f f \u e \ a+2 . (7.11) 
Jo Jr n 



Using (5.32) we see that there exists C4 such that 

M 2 |uT < C 4 + (C 1 + C 2 + 2C 3 )t + NaE(u )t 2 , 



for all — ^ < 9 < I and all < t < t 9 . We then may conclude as in the proof of 
Theorem 1.5. 

Thus we see how to obtain a uniform estimate of T^ ax by using the variance 
identity. However, we use Lemma 7.1 and this is why we assume that uq is radially 
symmetric and that N > 2 and 4/A < a < 4. Therefore, we obtain a weaker result 
than Theorem 1.5 (which does not require finite variance). 

The obstacle for improving this argument seems to be Lemma 7.1. Unfortu- 
nately, both the symmetry assumption and the requirement a < A are necessary in 
Lemma 7.1. 
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Let us first observe that radial symmetry is essential in Lemma 7.1. Indeed, fix 
tp G C%°(R N ), <p ^ and let u(x) be given by (6.2). Taking g(x) = \x\ 2 in (6.3) 
and (6.4) and g(x) = 1 in (6.4), we see that (7.5) cannot hold for arbitrarly large 
|xo| when Na > 4. (And not even for Na — 4, since we may choose (p such that 

IMI£t + 2 2 »l|v*.) 

We next remark that the restriction a < 4 is also essential in Lemma 7.1. Indeed, 
let u be defined by (6.6) for some ip € C°°(M), (p ^ supported in [1,2] and for 
A, ro > 0. Applying the first identity in (6.8) with g{x) = \x\ 2 and the first identity 
in (6.9) with g(x) = 1, we deduce that 

\x\ 2 \Vu\ 2 <\ 2 2 N+1 u N rly'\\l 2(R) , (7.12) 

(iV-l)a 

|„ r+2 < A f 2^Wo ^ll^ll^ + 2 2(R ), (7-13) 

for all A > 2/ro. Moreover, applying the first identity in (6.9) with g(x) = \x\ 2 , we 
obtain 

(JV-l)a 

a+2 



\x\ 2 \u\ a+2 > A-^ro 2 |M|££ (R) , (7-14) 

for all A > 0. Applying (6.7) and (7.12)-(7.14), we see that if (7.5) holds then there 
is a constant A > such that 

A^r 2 2 < A(l + A 2 r 2 + Asr 2 ) 
for all ro > and A > 2/ro. Taking ro = \/2A, we obtain 



(iV-l) 



Afr 2 <1 + A 2 r 2 
for all A > 2/ro, which yields a < 4. 

Appendix A. Proof of Lemma 5.3 

Wc follow the method of [18], and we construct a family ($f e ) c >o such that, given 
a, A, the estimate (5.23) holds with ^ = \& e provided e > is sufficiently small. 
Fix a function h £ C°°([0,oo)) such that 



poo 

h > 0, supp/i C [1,2], / h(s)ds = l, 

Jo 



(A.l) 



and let 

C(t)=t- f (t - s)h(s) ds = t - [ [ h(<r)dads, (A.2) 
Jo Jo Jo 

for t > 0. It follows that C € C°°([0,oo)) n W 4 '°°((0, oo), C' > 0, C" < 0, CO) = t 

for t < 1 and C(i) = M for t > 2 with M = J Q 2 s/i(s) ds. Set 

= C(|x| 2 ). (A.3) 

It follows in particular that $ e C°°(R iV ) n ^^(R^). Given any e > 0, set 

* e (x) = e" 2 $(ea;), (A.4) 

so that 

||A 2 vl/ e || i0 o = £ 2 ||A 2 $|| L =e. (A.5) 
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Next, set 

£(t) = ^2(1 - C'(t)) - 4t("(t) = J 2 I h{s)ds + 4th(t). (A.6) 



It is not difficult to check that £ g C x ([0,oo)) n W 1>oo (0,oo). Let 

7(0 = £(r 2 ), (A.7) 

and, given e > 0, let 

Te (r)= 7 ( £ r). (A.8) 
It easily follows that 7 e is supported in [e _1 ,oo), so that 

\\r-( N -Hh~<e N -^li\\L~=e N h'\\L~, (A.9) 

and 

|| r -(iv-i) Te ^|| i2 < £ JV-i|| TeUr || i2 . (A.10) 

Set 

/ e («) = -2 / (2-^')K| 2 

+ {2N-^ e )\u\ a+2 -\ [ AH e \u\ 2 . (A.ll) 

Elementary but long calculations using in particular (A.6) show that 

2-^(x)= % (\x\f, (A.12) 

and 

27V - A9 e (x) = N[ l£ (\x\)} 2 + 4(JV - l)(e\x\) 2 ("(s 2 \x\ 2 ) < N[ le (\x\)} 2 . (A.13) 
We deduce from (A.ll), (A.12), (A.13) and (A.5) that 

/*(«)< -2/ 7 £ 2 K| 2 + ^/ 7e 2 H a+2 + ^HA 2 $||^h!li 2 . (A.14) 
./rat a + 2 J K « z 

We next claim that 

||7lw||!«><£ JV ||7'll^hlli 2 +2e Ar - 1 || M || i2 ||7e^||L 2 . (A.15) 

Indeed, 



7s(r)Kr)| 2 = - / -[ 7£ ( S )| M ( S )| 2 ] < / KIH 2 + 2/ 7 sN Kl 



< llr-^-^^IU-llttll^ + 2||u|| ia ||r-< JV - 1 > 7e u r || 



L 2 



(A.16) 



(The above calculation is valid for a smooth function u and is easily justified for a 
general u by density.) The estimate (A.15) follows from (A.16), (A.9) and (A. 10). 
We now observe that 



YM a+ = / 7«" , "[7lH]>r<ll7llir||7l«ll2-IHIi>- (A.17) 

Applying (A.15) and the inequality x% < 1 + x 2 , we deduce from (A.17) that there 
exists a constant C independent of e > and u such that 

7e a |«r +a < C £ i ^|| U ||| 2 +2 ( £ f \\u\\f 2 + 1 + || 7e «r||i a ). (A.18) 



a + 2 J r n 
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Estimates (A. 14) and (A. 18) now yield 

/,(u)<-(2-C £ I ^|M|f 2 +2 ) / % 2 m 2 

+ C £ i ^|| M ||f 2 +2 ( £ f|| u ||| 2 + l) + ^||A 2 $|| L .|| u ||i 2 . (A.19) 

We now fix < a, A < oo and we first choose e > sufficiently small so that 
Ce {N ~2 1)a A% + 2 < 2. It then follows from (A.19) that if \\u\\ L 2 < A, then 

J e (u) < C£ I ^ i ^Af +2 (ef At + l) + ^||A 2 $|| L ooA 2 . (A.20) 

Choosing e > possibly smaller, but depending on a, A, we deduce that I 6 (u) < a 
if ||m||l 2 < A- This completes the proof. 
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